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Abstract 

Let g be a locally reductive complex Lie algebra which admits a faith- 
ful count able- dimensional finitary representation V. Such a Lie algebra 
is a split extension of an abelian Lie algebra by a direct sum of copies of 
sloo, sOoo, sp^, and finite-dimensional simple Lie algebras. A parabolic 
subalgebra of g is any subalgebra which contains a maximal locally solv- 
able (that is, Borel) subalgebra. Building upon work by Dimitrov and the 
authors of the present paper, [DP2], [D], we give a general description of 
parabohc subalgebras of g in terms of joint stabilizers of taut couples of 
generalized fiags. The main differences with the Borel subalgebra case are 
that the description of general parabolic subalgebras has to use both the 
natural and conatural modules, and that the parabolic subalgebras are 
singled out by further "trace conditions" in the suitable joint stabilizer. 

The technique of taut couples can also be used to prove the existence of 
a Levi component of an arbitrary subalgebra 6 of g[^. If 6 is splittable, we 
show that the linear nilradical admits a locally reductive complement in t. 
We conclude the paper with descriptions of Cartan, Borel, and parabolic 
subalgebras of arbitrary splittable subalgebras of gl^. 
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1 Introduction 

In the present paper we study the structure of subalgebras of finitary Lie alge- 
bras, and most essentially of the three complex simple Lie algebras sloo, sOoo, 
spoQ. We are motivated by the fundamental structural relationship between the 
representation theory of a locally finite Lie algebra g and the subalgebras of g. 
Our work is a direct continuation of the papers [NP], [DP2], [D], [DPS], as well 
as of the article [DP3]. In these earlier papers Cartan and Borel subalgebras of 
qI^, sloe, sOoo, and sp^o were studied, but general parabohc subalgebras of gl^, 
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sloe, sOoo, and sp^^ were not addressed. Wc fill in this gap in the present work, 
and we also address Levi subalgebras as well as general splittable subalgebras 
of fltoo. -stoo, sooo, and sp^. 

Here is a brief description of the results of the paper. Let g be one of the 
finitary locally finite complex Lie algebras qI^, sl^o, sOqo, and sp^o- By V we 
denote the natural (defining) representation of g. By 14 we denote the conatural 
representation, i.e. the unique simple g-submodule of the algebraic dual V* of 
V. For Q = qI^ OY sloo, the representations V and K are not isomorphic. For 
g = sOoo or sp^, one has V = V^. Recall that a generalized flag in V (or 14) 
is a chain of subspaces characterized by two properties: see Section 3 for the 
definition. In [DP2] and [D] generalized flags were used to describe the Borel 
subalgebras of g. 

The first key idea of the present paper is that, given any subalgebra t of 
qI^, one can attach to { a couple ^, with specific properties, where is a 
generalized flag in V and (S is a generalized flag in V* , such that t is contained 
in the joint stabilizer of ^ and &. We call ^, (& a taut couple (see Section 3). 
This construction enables us to prove the existence of a Levi component of any 
finitary Lie algebra, i.e. of any subalgebra of glo^. We define a Levi component of 
a finitary Lie algebra g as a complementary subalgebra in [q, g] of the intersection 
of the locally solvable radical r with [0,0]. This is a direct extension of the 
definition of Levi component of a finite-dimensional Lie algebra (note that our 
definition differs from an earlier one, compare [Ba]). The existence of a Levi 
component is by no means obvious and is proved in Section 4 of this paper. 
We then establish some main properties of Levi components and strengthen the 
results for splittable subalgebras (see Section 2 for the definition of splittable). 
We prove that any splittable subalgebra £ has a well-defined locally reductive 
part tred which is a complement to the linear nilradical of 6 (the latter is defined 
as the largest ideal of t consisting of nilpotent elements of gl^c)- Moreover tred 
equals the semi-direct sum of a toral subalgebra and a Levi component of 6. 

Our next major result is the description of all parabolic subalgebras of gl^, 
stoo, SOoo, and sp^o- Consider the case of gl^o, and the case sloo is similar, and 
for the cases of so 00 and sp^o, see Section 6. As we know from [DP 2], maximal 
locally solvable subalgebras of gl^ are stabilizers of maximal closed generalized 
flags in the natural representation V (for the definition of a closed generalized 
fiag see Section 3 or [DP2]). We show that in the above result closed generalized 
flags can be replaced by the more general class of semiclosed generalized flags, 
which we define in Section 3. Then we use the construction described earlier in 
this introduction and attach to any parabolic subalgebra p C glo^ a taut couple 
of generalized flags 'S, &■ A comparison of p with the joint stabilizer Sty fl St® 
shows that p almost coincides with Stj n Stg. More precisely, the parabolic 
subalgebra p is singled out by "trace conditions" on the subalgebra Sty fl St©. 
This means that p and Sty fl St© have the same linear nilradical and the same 
Levi components. 

There are at least two new effects produced by this result. First, in order to 
describe the parabolic subalgebras of gl^, both representations V and K are 
needed instead of just one of them. Another new effect is that not all parabolic 
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subalgcbras arc self-normalizing (in fact, the self- normalizing parabolic subal- 
gebras are precisely all joint stabilizers Stg^ n St©). The most obvious example 
of the latter phenomenon is that sloe is a parabolic subalgebra of fll^, as it 
contains a very special Borcl subalgebra of qI.^ constructed in [DP2]. 

We ultimately describe the parabolic subalgebras of an arbitrary splittable 
subalgebra t C gl^o and show that the inclusion tred ^ 6 induces a bijection of 
parabolic (in particular, Borcl) subalgcbras of i and ired- 

We conclude the paper with an appendix extending the existing theory of 
Cartan subalgebras to the case of an arbitrary splittable subalgebra of a locally 
reductive Lie algebra. 
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2 Preliminaries on subalgebras of Qi^^ 

The ground field is the field of complex numbers C. All vector spaces (including 
Lie algebras) are assumed to be at most countable dimensional. If g is a Lie 
algebra, denotes the center of g. Fix countable-dimensional vector spaces V 
and "14 and a nondegenerate pairing (•, ■) : V x ^ C We define qI{V, 14) (or 
simply gl^) to be the Lie algebra associated to the associative algebra F ® K, 
and we define si{V, 14) (or s[oo) to be the commutator subalgebra of gl{V, T4)- 
Given a symmetric nondegenerate pairing V x V ^ C, wc denote by so{V) (or 
0Ooo) the Lie subalgebra /\ V C gl{V,V). Given an antisymmetric nondegen- 
erate pairing V x V ^ C, we denote by sp{V) (or sp^o) the Lie subalgebra 
Sym2(T/) C0l(T/,F). 

If F is a subspace in ^ or 14 , then F-^ stands for the orthogonal complement 
of F (respectively in 14 or V) with respect to the pairing (•,•). 

A subspace F C W, where is a vector space endowed with a symmetric or 
antisymmetric form, is called isotropic if {F, F) = 0. The condition {F, i^) = is 
equivalent to F c F-^. A subspace F c W, where W is a vector space endowed 
with a symmetric or antisymmetric form, is called coisotropic if F-^ C F. 

A Lie algebra g is said to be locally finite if every finite subset of g is con- 
tained in a finite-dimensional subalgebra. (Clearly gi^, sloo, sOoo, and sp^^ 
arc locally finite.) If g is at most countable dimensional, being locally finite is 
equivalent to admitting an exhaustion g = UneN nested finite-dimensional 

Lie subalgebras fl„ of g. If is a module over a locally finite Lie algebra g, the 
representation is said to be finitary if W admits a basis such that all endomor- 
phisms coming from g are given by finite matrices in this basis. A locally finite 
Lie algebra g is said to be finitary if there exists a faithful finitary representation 
of g. Any finitary Lie algebra is isomorphic to a subalgebra of gl^^- 
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A locally finite Lie algebra is said to be locally semisimple if it admits an 
exhaustion by finite-dimensional semisimple subalgebras. 

We say that a Lie algebra is a union of reductive subalgebras if it can 
be represented as a imion of nested finite-dimensional reductive Lie algebras 
Qn C Qn+i- A Lie algebra g is called locally reductive if it can be expressed 
as a union of nested finite-dimensional reductive Lie algebras 0„ C Qn+i such 
that Qn is reductive in 0„+i (i.e. the induced g„-modulc structure on is 
semisimple). The Lie algebras gl^, sIqo) sOqo, and sp^ are obviously locally 
reductive. If g is a locally reductive Lie algebra, every element X G g has 
a well-defined Jordan decomposition, and both the semisimple part Xss and 
the nilpotent part Xnu of X belong to g. (If X € gn, then Xgg and Xnu are 
respectively the semisimple and nilpotent parts of ad X : g„ ^ fl„ and do not 
depend on n.) More generally, a subalgcbra 6 of a locally reductive Lie algebra 
g is said to be splittable^ if for any X £ t both Xss and Xnii are themselves in 
t 

Let g = [Jj^ g„ be a locally finite Lie algebra. One says that g is locally 
solvable (respectively locally nilpotent) if every finite subset of g is contained in 
a solvable (resp. nilpotent) subalgebra. The sum of all locally solvable ideals in 
g is a locally solvable ideal, so g has a unique maximal locally solvable ideal, 
which we call the locally solvable radical t. The intersection r fl [g, g] is a locally 
nilpotent ideal in g, since 

^ [g, g] = |J(r n 0„) n [gn, gn] 

n 

and (r fl 0„) fl [gn, gn] is a nilpotent ideal of 0„ for each n. 

Let g he a finitary Lie algebra and suppose an injectivc homomorphism 
g ^ gi{V, K) is given. The linear nilradical of g is defined as the set of elements 
of the locally solvable radical of g which are nilpotent as elements of gl{V, K)- 
We denote the linear nilradical of g by tig, where the injective homomorphism 
g ^ gl{V, 14) is understood. 

Proposition 2.1. Let g ^ gl{V,Vi,). Then rig is a locally nilpotent ideal in g 
such that Tig n [fl, g] = r n [g, g] . 

Proof. Fix X G tn [g,g]. There exists a finite-dimensional subalgebra go C g 
such that X e [go,0o]- Let to denote the solvable radical of go, and note that 
X G t n go C to- By finite-dimensional Lie theory, any element of to fl [go, go] 
equals its own nilpotent part defined via V. Hence X is an element of rig. This 
shows that t fl [g, g] C rig and hence r n [g, g] = Ug fl [g, g]. 

We now compute [g,ng] C [g,r] C r n [g,g] C rig. Hence rig is an ideal. 
Engel's theorem implies that rig is locally nilpotent. □ 

Lemma 2.2. If t C g ^ gl{V, K), then tig n t C n^. 

^ We prefer "splittable" to the term "decomposable" used for the French "scindable" in the 
English translation of N. Bourbaki's treatise [Bo] . 
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Proof. Note that rig fl t C f] t, and furthermore since tg fl t is a locally 
solvable ideal in t, one has tg fl £ C tf. Every element of Ug fl J equals its own 
nilpotent Jordan component defined by the inclusion 6 c Qi{V, 14), so as a result 

tTgnficnt. □ 

Lemma 2.3. If Q ^ sK^j^*) o-nd q is a union of reductive subalgebras, then 
C3(s). 

Proof. Fix X e tig and F e g. There exists a reductive subalgebra flo C such 
that X, Y G 00- Since ng n go is a nilpotent ideal in the reductive Lie algebra 
00, one has tig n go C 3(go). Hence [X, Y] = 0. □ 

The following two theorems are crucial toward the results of the present 
paper. 

Theorem 2.4. [BaS, Theorem 1.3] Let m be a subalgebra o/g[(y, K) which 
acts irreducibly on V. Then there exists a subspace W G V^, with W'^ = 
such that m equals Q{{y,W), siiy,W), 5o{y), or spiy), in the last two cases 
under an identification of V and W making the induced form on V respectively 

symmetric or antisymmetric. 

Theorem 2.5. [DP3] Let t be a locally semisimple subalgebra of gl^. Then t 
is isomorphic to a direct sum of finite- dimensional simple subalgebras and copies 
of sloo, sooo, andsp^. 

For any locally semisimple subalgebra i oi gl^, wc introduce notation related 
to the decomposition of t given in Theorem 2.5. Let 6o denote the direct sum 
of the finite-dimensional simple direct summands of 6, and let ti denote the 
infinite-dimensional simple direct summands of t, so that 

«= fii- w 

ie7u{o} 

The following two propositions are corollaries of Theorem 2.4. 

Proposition 2.6. Suppose a subalgebra t C ©^£(7 01(^^7, (^)*) cicts irreducibly 
on Vy and (V^)* for all 7 € C. Then [t, 6] also acts irreducibly on Vy and (Ky)* 
for all 7 e C. 

Proof Fix a G C, and let ttq,: ©^gcsK^T' (^7)*) ^ Q^{VaAVa)*) denote 
the projection. Wc have assumed that t acts irreducibly on Va and (VJj)*, 
so TTa{i) is a subalgebra of gi{Va, (Va)*) which acts irreducibly on both Va and 
(Va)*. By Theorem 2.4, if y„ is infinite dimensional, then TTait) is Ql{Va, (Vq)»), 
5i{Va, (Va)*), so{Va), Or sp{Va), whcrc in the last two cases one has a suitable 
identification of Va and (Vq),. If Va is finite dimensional, then after finite- 
dimensional Lie theory, na{i-) C gt(V^, (V^)*) is reductive. In either case, 
acts irreducibly on Va and (Va)*- □ 

Proposition 2.7. Suppose a subalgebra t C (^)*) irreducibly 

on Vj and (V7)* for all 7 G C. Then 



5 



(1) t is locally semisimple, and (^) holds. 

(2) Let Co denote the set of ^ G C for which Vy is fi,nite dimensional. Then 
C\Cq is the disjoint union of finite subsets Ci for i € I such that 

fori€lU{0}. 

(3) Let i e /. Then ii is diagonally mapped into 0^^^^ 5[(V^, (Ky)*) . For 
7 e Ci, the projection of ti to s[(V^, (Ky)*) gives an isomorphism of ti 
with sl(y^, (V^)*), so{V-y), or sp{V^). (In the final two cases one has an 
identification ofV-y and (Ky)* making the induced form on V-y symmetric 
or antisymmetric, as appropriate.) 

(4) Each simple direct summand of to is contained in ®j^c' ^K^' (^)*) 
some finite subset Cq C Co . 

Proof. The projections of the proof of Proposition 2.7 restrict to projections, 
for which we reuse the same notation, tTq : 0^gc^'(^' (^)*) ~^ •sl(Va, (Kt)*) 
for a € C. As in the proof of Proposition 2.6, we see that 7ra(t) when infinite 
dimensional is sl(Va, (Va)*) , so{Va), or sp(Vq), where in the last two cases Tra{i) 
identifies Va and (Va)*, making the induced form on Va symmetric in the former 
case and antisymmetric in the latter case. Similarly, if Va is finite dimensional, 
then TTa{i) C sl(Va, (Ki)*) is semisimple. 

Let the finite-dimensional direct summands of the direct sum ^^^q T^-yi^) be 
further subdivided to obtain a decomposition 0jgj5j into simple subalgebras 
Sj. Thus we have t C ©^gp '''7(^) = ®je J elements j k G J, 

let TTjk. Sj © Sfe denote the projection. For each j =^ k € J, the 

intersection iTjkit) CiSj equals Sj if it is not trivial, since Trjh{i) CiSj is an ideal in 
the simple Lie algebra Sj . Note that the condition Wjh (4) n Sj = Sj is equivalent 
to the condition TTjk{i) — Sj ® Sfe. 

Now suppose TTjkit) n Sj = 0. For any X € Sj, there exists a unique Y G Sk 
with {X, Y) G TTjk{i). This enables us to define a map rjjk : Sj — > Sfe sending X 
to the unique element Y G Sk with (X,Y) G 7rjfe(t). Then rjjk is a Lie algebra 
isomorphism. 

We define an equivalence relation on J by setting j ~ fc if TTjk{i) H Sj = 0. 
Then (^) holds, where / is the set of equivalence classes of J for which Sj is 
infinite dimensional, and to is isomorphic to the direct sum of Si as i runs over 
a set of representatives of the remaining equivalence classes of J. This proves 
that t is locally semisimple, i.e. (1) is proved. 

For each element j of an equivalence class i G I, we have that Sj is infinite- 
dimensional and hence Sj = 7r^(t) for some 7 e C. For each i G I, let Ci be the 
set of elements of C corresponding in this way to the elements of the equivalence 
class i. Note that the sets Ci are disjoint. For each i G I, ti is the diagonal 
subalgebra of 0jgiSj C ©^gc?. sl(V^, (^)*) given by the isomorphisms rjjk- 
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For ti isomorphic to 50oo or sp^^ and 7 £ Ci, wc already observed that the 
projection of ti to sl(y^, (^)*) yields an identification of and (V^)*. Thus 
(3) is proved. 

Each nonzero clement of ti for i G / has nonzero components in sl(Vy, (V^7)*) 
for all J £ Ci, hence Ci must be a finite set. Because t acts irreducibly on 
for all 7 e C, we conclude that C is the disjoint union of the sets C, for i e / 
and the set Co of 7 G C for which K^, is finite dimensional. Thus (2) is proved, 
and (4) comes as a result of finite-dimensional Lie theory. □ 

We conclude this section by computing the normalizers of certain diagonal 
subalgebras of gl^^j. 

Lemma 2.8. Let n G Z>o, and define W := V Q ■ ■ ■ iB V and := K ® 
• • • © K to be direct sums of n copies of V and K , respectively, with the natural 
nondegenerate pairing. Let (p denote the n-fold diagonal map 

ip: Ql{V,V,) ^ Ql{W,W,). 

Then the normalizer in qI{W, VF*) of ip{sl(y, K)) is ip{gl{V, K)), while (p(so(V)) 
and (p{sp{V)) (defined under suitable identifications of V and are self- 
normalizing in gl{W, Wt:). 

Proof. Suppose X G qI{W, W^*) is in the normalizer of (p{5l{V, K))- Denote the 
block decomposition of X by 



X 



( X\\ X\i 
X21 X22 

\ Xnl 



Xnn j 



For any A G s[(F, 14), we have [X, (/3(74)] G </?(5l(y, K)). We compute that the 
(i, j)-th entry of 



{X,^{A)\ = 



( X\\ X12 
X21 X22 



Xm \ (A 
A 



nl 



x„ 



I 



\ 



\ 



is \X^,A\. Thus for every A G sl(y.y,) we have [Xn,^] = [^22,^] = ••• = 
[X„„,A], and [X^, A] = for i / j. Hence X^x = X22 = ■■■ = X„„ G 
gl{V, K), and Xij = for i 7^ j. This shows that the normalizer in qI{W, W*) 
of ip{sl{V, K)) is (fi{gl{V, K.))- The other cases may be proved similarly. □ 



3 Taut couples of semiclosed generalized flags 

We recall the notion of a generalized flag, [DPI] . A chain C in F is any (possibly 
uncountable) set of nested subspaces of V. That is, inclusion gives the subspaces 
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of a chain a total ordering. Suppose subspaccs C" and C" in a chain C with 
C" C C" have the property that no subspaces in C come strictly between C" and 
C" in the inclusion ordering; then we say that C is the immediate predecessor 
of C" , that C" is the immediate successor of C , and that C" C C" are an 
immediate predecessor-successor pair. If C is a chain in V, we denote by Stc,g 
the stabilizer of C in a Lie algebra q of which F is a module. If g is gl{V, K) or 
sl{V, F*), wc write simply Stg. 

A generalized flag is a chain ^ with the following two properties: 

(i) for each subspace F G ^ there exists an immediate predecessor-successor 
pair F' C F" with F € {F', F"}; 

(ii) for each nonzero v ^ V there exists an immediate predecessor-successor 
pair F' c F" with u e F" and v ^ F' . 

For short, we will call any immediate predecessor-successor pair in a generalized 

flag ^ simply a pair in ^J. In what follows we will routinely parametrize a 
generalized flag ^ by the set A of pairs in ^. For any a G A, we denote by 
F'^ C F" the pair corresponding to a. That is, F'^ is the immediate predecessor 
of F", and a is the pair F'^ C F". By definition, a generalized flag is exhausted 
by its pairs, i.e. 5 = {-^a' -^a }aeA- We recall that the stabilizer in 
of any generalized flag = {F^,F"}„eA in V is given by the formula Stj = 
Eo.^aK®{FL)^ [DP2]. 

Here is a general construction from [DP2] that produces a generalized flag 
from a chain C in V, when both and V are elements of C. For every nonzero 
vector V G V, let F'(u) be the union of the subspaces in C which do not contain 
V, and let F"{v) be the intersection of the subspaces in C which do contain v. 
Define d to be the set {F'{v), F"{v) :Ot^vgV}. Then is a generalized flag 
with the same stabilizer as C. 

If C is a chain in V, then := {C"^ : C G C} is a chain in For a 
generalized flag d = {F^, i^" }aeA in V, the chain = {(F^)^, (F^')^ : a e A} 
is not necessarily a generalized flag (for instance, it is possible to have = {0}). 

A subspace F C V is closed (in the Mackey topology) if F = F-^-^. We 
denote by F the closure of a subspace F, that is F := F-^-^. 

A generalized flag ^ = {F^, F^}aeA in V is called semiclosed if F^ € 
{F^,F^'} for every a £ A. In words, a generalized flag is semiclosed if the 
predecessor of each pair is either closed or has its successor as its closure. A 
closed generalized flag ^ = {F^, F"}aeA in V is defined as a semiclosed gener- 
alized fiag with the additional property that F/^' is closed for all a G A [DP2]. 

Lemma 3.1. Let ^ be a semiclosed generalized flag in V. Any nontrivial proper 
closed subspace ofV which is stable under St^ is both a union and an intersection 
of elements of ^. 

Proof. Property (ii) of the definition of a generalized fiag has the following 
consequence. A proper subspace F cV which is the union of a set of subspaces 
of ^ is also the intersection of the set of subspaces which contain F. Therefore 
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it suffices to show that a Stj-stable nonzero closed subspace C F is a union 
of elements of ^. 

Fix V G F, and let F'{v) C F"{v) be the unique pair in ^ such that 
V G F"{v) and v ^ F'{v). Since Stj = Y^aeA K ® (K)-^, we have 



St^-v = 



F"{v) i{F'{v)=F'{v) 
F'{v) i{l^ = F"{v). 



If F'{v) = F'{v), the Stg-stability of ^ yields F"{v) C F. If F'{v) = F"{v), we 
have F'{v) C i^, and as F is closed, again c F. Thus Uo#?;eF C 

F. Since we have assumed F ^ 0, clearly F C Uot^usf -^"(^)' which implies 

F = Uo^,^FF"iv). □ 

Lemma 3.2. Lei 5 = {-F^, F^ja^A be a semiclosed generalized flag in V . Then 
^ is maximal semiclosed if and only if dim F^/F^ = 1 for all a € A such that 
W = F' . 

a a 

Proof. Let ^ he a semiclosed generalized flag refining 'S- For any a € A such 
that F^ = F^, there are no subspaces of ^ lying properly between F^ and 
F^. Therefore if any subspace of lies properly between F^ and F^, we have 
Fl = F^. If in addition dim F^/F^ = 1 for ah a with F^ = F^, then ^ is 
maximal semiclosed. 

Conversely, assume is maximal semiclosed. Fix a G A such that F^ = F^. 
Then any subspace F with F^ C F C and dim F/F'^ = 1 is closed (since 
it contains a closed subspace of finite codimension), hence ^ := ^ U {F} is a 
semiclosed generalized flag reflning ^. As ^ admits no proper refinement, d = d, 
i.e. dim F^/F;^ = 1. □ 

We say that two semiclosed generalized flags ^inV and © in ]4 form a taut 
couple if the chain ^-^ is stable under St© and the chain 0^ is stable under Stj. 
Given a nondegenerate form V x V ^ C, we call a semiclosed generalized flag 
^ self-taut if is stable under the stabilizer of ^ in gl{V, V). 

Proposition 3.3. Suppose ^ and (S are semiclosed generalized flags in V and 
V*, respectively. The following are equivalent: 

(1) ^, (S form a taut couple; 

(2) for any F G ^ the subspace F-^ is both a union and an intersection of 
elements of &, as long as F-^ is a nontrivial proper subspace of V*; and 
vice versa (that is, for any G £ the subspace is both a union and an 
intersection of elements of^, as long as G-^ is a nontrivial proper subspace 
ofV). 

Proof. Suppose first that (2) holds. Let F € ^. If F-^ is or V*, then evidently 
F-^ is stable under St©. Otherwise, F-^ is the intersection of elements stable 
under St®, and thus F^ is stable under St©. Similarly, the subspace G""" is 
stable under Sty for all G e (S. Hence 5^, & form a taut couple. 
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Conversely, suppose ^, (5 form a taut couple. Fix F £ ^. By the definition 
of a taut couple, F-^ is stable under St©. Observe that F-^ is closed. If F-^ is 
a nontrivial proper subspace of 14, then Lemma 3.1 implies that F-^ is both a 
union and an intersection of elements of The vice versa part of the statement 
follows immediately, by the symmetry of ^ and 0. □ 

Let ^ = {F^,Fl^}aeA and 6 = {G^Jj, G|J^}/3gB be semiclosed generalized 
flags in V and K, respectively, and assume ^J, (S form a taut couple. Set 
Ca := {a € a : F^j^ is closed} and Cb '■= {(3 G B : G'p is closed}, and fix 
a G Ca- Then {F^)-^ c (-F^)''' distinct closed subspaces of K- Since ^ has 
no subspace properly between and F", Proposition 3.3 yields that (S has 
no closed subspace properly between {F")^ and (F^)^. As a result, (F")-"- is 
in © and has an immediate successor in ©. That is, there exists (3 € Cb with 
G'fj = (F^')^. Thus we may define a map Jab '■ Ca — *■ Cb by setting /ab(q;) := 
/3. Furthermore, Proposition 3.3 again implies (G^)-*- = F^. Therefore /ab 
and the analogously defined map fsA are inverses. This argument proves the 
following proposition. 

Proposition 3.4. The map Jab is a bijection 

Ca = {a e A : F^ is closed} Cb = {P & B : G'fj is closed}. 

Using the identification of Proposition 3.4, we denote both Ca and Cb by 
G. For each 7 e G, one has G^ = (F^')"^ and F^ = (G^)-^. 

The following proposition characterizes maximal taut couples. 

Proposition 3.5. The taut couple ^, & is a maximal taut couple if and only if 
^ (or <&) is a maximal semiclosed generalized flag. 

Proof. It suflices to show that, if ^ (or 0) is not maximal semiclosed, then 
there exists a taut couple S^, (S such that 5^ is a proper refinement of ^ and © 
is a proper refinement of C5. In particular, this will imply that © is maximal 
semiclosed if and only if ^ is maximal semiclosed, and the statement will be 
proved. 

If is not maximal semiclosed, there exists 7 G G for which dim F"/F^ > 1, 
by Lemma 3.2. We need only show that there exists a closed subspace H with 
F^ C jy C f;' and G; C F-L c G^'. Then the generalized flags d-=d^ {H} 
and © := (S U {H-^} form a taut couple as desired. 

Assume flrst that dim F"/F^ < 00. In this case F" and G" are both closed. 
There exists a closed subspace H with F!^ C. H C. F", and one sees immediately 

that g; = (f;')^ c i?^ c (f;)^ = g;'. 

Now suppose that dim F"/F^ = 00. The pairing (•,•): V x K ^ C yields 
a nondegencratc pairing F"/F^ x G"/G^ C. Hence, by a well-known result 
of Mackey [Ma] , there exist dual bases in these two infinite-dimensional vector 
spaces. Let {xi G F"} and {x* G G"} denote the preimagcs of such dual bases; 
that is, F;' = F^ © 0,Cx„ and G;' = G; ffi ©,Cx*, and {x„x*) = One 
may consider the Xi to be ordered by i G Z such that two properties hold. First, 
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for all i € Z and for all v e F!^' \ F" , there exists N > i such that {v, x%) ^ 0. 
Second, for all i € Z and for all w € G'J^\G'J^, there exists M < i such that 
{xm,w) ^ 0. This is possible because F!^ = (G^')"^ and G'^ = (F^')"^- Let 
H := F!^® ^i^oCxi. Then = G'^ ® ®i>oCx*. Hence if is a closed 
subspace as required. □ 

Proposition 3.6. Ifp := Sty fl St© C £|t(V, V*), then the following statements 
hold. 

(2) There exist vector spaces Va and (V/j)* for a G A and P G B such that 

• K = K®Vc. and G'/,^G'p(B (V^),; 

• {V^, (K))*) = for distinct j ^ rj € C; 

• V = e„g^ V„ and K = e^eB(^/3)*- 
Moreover, 

P = np(±00[(y^,(y^).). 

jec 

(3) The induced isomorphism 

p/np = 00i(i^;7^^;G;7G;) 

Tec 

is independent of the choice of vector spaces Va and (V/?)*. 

Proof We show first that p = E^ec ® G'^ + Eo6A\c K ® (K)^ ■ 

Note that J2-yec ^7 ^ + EaeA\c K ® (^")"^ stabilizes both ^ and 6. 
Clearly both terms EtgC -^7 ® <^7 and EaeA\c -^a (-Fa )^ stabilize ^, while 
the term Etgc -^7 <^ ^7 stabilizes (S. To show that F^' (g) (F^')"^ stabiUzes G;;^ 
for all a e A and /3 e wo observe that if (F^ ® (F^')"^) • G'ia 7^ then 
(F^, G;^) ^ 0. Hence {F^ ® (F^)^) • G'/, c (F^)^ c G;^. 

Consider now X G St^flSt©. Since X G Sty, we may express X = J2^=i ''^i® 
Wi, withvi e F^'^\F^^ and G (F^.)^. Recall that (F^')^ = G; C G^ C (F^)^ 
for each 7 G G. We assume that for each 7 G G, the vectors Wi such that 
Wi G (F^)-"- \ G" are linearly independent modulo G". 

Assume, for the sake of a contradiction, that the set of 7 G G for which there 
exists i G {1, . . . , n} such that Wi G (F^)^ \ G" is nonempty. Let 7 denote the 
maximal element of that set. Let / denote the set of i G {1, . . . , n} such that 

G (F^)-"- \ G". Fix y gG", and compute 

n n 

X-y = C^Viig,Wi)-y=-'^{vi,y)wi 

i=l i=l 

= -'^{vi,y)wi-^{vi,y)wi. 
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If Wi ^ [F!^)^ , then (ui, y) = 0. Hence the term J/)^'^* i-'' ™ ^"j since for 

each i <^ I either Wi G G" or Wi ^ (-F-^)"""- As X • y € G", it follows that the term 
^i^i{viiy)wi is also in G". By hypothesis the vectors Wi for i e 7 are linearly 
independent modulo G", and thus {vi,y) = for i g /. Since y is arbitrary, 
we have shown that Vi e (G")-"- = F!^. This contradicts the assumption that 
Vi e F" \ F!^. Therefore there are no 7 G G and i e {!,..., n} such that 
Wi e (F;)^\G^, and we have shown p = E-y6cK®<^7 + E„eA\c^a ®(^^a)^- 

The linear nihadical of St;^ is F'^ (7"")^ [DP2], and it is contained 

in p because (-F")^ — G'^ c G'^ for all 7 e G. Lemma 2.2 enables us to 
conclude that X^qga^q i^a)^ is a locally nilpotent ideal contained in the 
linear nihadical of p. 

We now show the existence of subspaces Va and as in statement (2). 

Let = {F'^, }a6A' ® = ^/jl/SeB ^ maximal refinement of the taut 
couple S^, (S. By Proposition 3.5, both ^ and are maximal semiclosed gener- 
alized flags. Moreover, 5^ and © arc both maximal closed generalized flags. This 
fact is seen in Theorem 5.1, and we use it now for convenience, as there is no 
logical obstruction. Let G denote the set analogous to G as defined in Proposi- 
tion 3.4. It is shown in [DP2] that there exist bases of V and compatible with 
the maximal closed generalized flags 5 and © in the following sense. For each 
a e A, the set of basis vectors in \ F'„ is a basis for the quotient F"/F'a, 
and similarly for each (3 & B. Note that dimF"/F% = dim G"/G'-y = 1 for all 
7 G G. Let v-y €:V and v'^ G V* denote the basis vectors corresponding to the 
pair 7 e G. One may assume, according to [DP2], that these vectors are dual 
in the sense that {v^,v^) = 5^n for all j, r] G C. For each a € A, take Va to be 
the span of all the basis elements of V in F^' \ F^. For each P £ B, take (V/j)* 
to be the span of all the basis elements of V* in G^ \ G^Jj. Then these vector 
subspaces have the desired properties. 

Let Va and (V^)* be as in statement (2). To check that for each -f € C 
the restriction of the pairing to Vy x (V-^)* is nondegenerate, suppose ^ v G 
Vj. Then since V ^ F!^, there exists w G G" such that {v,w) ^ 0. There 
exist elements wi G G'^ and W2 G (V^)* such that w = Wi + W2, and hence 
7^ {v,w) = {v,wi + W2) = {v,W2)- Similarly, any nontrivial element of (Ky)* 
pairs nontrivially with some element of V-y. Furthermore, we have assumed that 
(^7> (^r,)*) = for 7 ^ 77 G G. We have 

■yeC 7GC 

= EF;'®(F;')^©F;®(Ky), ©K,®(Ky),. 

Observe that J2'yeC K ® (^7)* ^ T^aeA K ® iK)^^ since for any v G F^, one 
has V G F^' for some /? < 7, so C^y)* C (F^)-"- c (F^')-"-. Thus we have estab- 
hshed a vector space decomposition p = (©^gf^V^ ® C^^,)*) ® (^aeA^a ® 
(F^')^)- The quotient p/{Y.aeAK ® {K)^) is isomorphic to ©^gc ^7 ® 
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{Vj)^ = 0[(^^7, (^^7)*) • Since this quotient is locally reductive, every 

locally nilpotent ideal is central. Hence any element of rXp maps to an element 
in the span of central elements in copies of finite-dimensional general linear Lie 
algebras, but the nilpotcncc of elements of rip implies that their image must be 
trivial. It follows that the linear nilradical is Hp = J2aeA-^a ® i^a)'^ ^ which is 
(1). We have also shown (2). 

From the definition of and (F^)*, we sec that p/ttp = ®^^c fl'l^" 7^7^ G'!./G'^). 
To prove (3), we must show that this isomorphism does not depend of the choice 
of vector space complements. We will show that the actions of Up on F'J^ jF'^ 
and G'l^lG^ for any 7 e C arc trivial. We have itp = Y.o.<^aK ® {K)^ ■ Fix 
7 e C. If a > 7, then (F^' ® (F^')^) ' F'J^ = {F^ , iK)^)F'J, =0. If a < 7, 
then (F^' ® {F^)^) ■ F!^ = (F^', (FJ)-L)F^' C F^' C F^. Thus in either case 
np • F^' C F^, i.e. tip • F^'/F^ = 0. Similarly, ttp acts trivially on G'l^/G'^. It fol- 
lows that the isomorphism p/rip = ^^^^j gl[F" /F^,G"/G'^) does not depend 
on the choice of vector space complements. □ 

The following is a key construction. It places an arbitrary subalgebra of gl^ 
tightly within the stabilizer of a taut couple. 

Theorem 3.7. Let t C 0t(F, V*) be any subalgebra. There exists a l-stahle taut 
couple ^, & such that F"/F!^ and G'^/G'^ are irreducible t-modules for all 7 e C. 
Furthermore, one has tif = nst^nste H 6- 

Proof. Let C be a maximal chain of closed 6-stablc subspaces of V, and let T> 
be a maximal chain of t-stable subspaces of V containing C. For any F C F we 
define 

F(F):=_ fl D. 

D=F, DG-D 

The subspace F(F) is an intersection of subspaces in the chain, and hence F(F) 
is stable under 6 and 'DU {P(F)} is a chain. By the maximality of V, P{F) e T> 
for any F C V. 

We claim that P{D) = D for any D gV. To check this, assume for the sake 
of a contradiction that P{D) ^ D. Then P{D) is closed, since the maximality 
of C implies that the closed subspace P{D) , which forms a chain together with C 
and is stable under t, is in the chain C. Since P{D) is defined as the intersection 
of subspaces whose closure is D, there must exist a non-closed subspace properly 
between P{D) and D, and hence dimF>/F(F') = 00. Then t stabilizes the 
generalized flag 

C P(D) cSjcDcV, 

where Sj is produced from the chain {H : H = D} according to the general 
procedure that produces a generalized flag with the same stabilizer as a given 

chain, as described at the beginning of Section 3. Let E denote the set of pairs in 
9), so that ^ = {iJ^, H'^}eeE- By the definition of P(p), we know that Hl = D, 
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and hence {H'^)-^ = for all eeE. Therefore 

e 

= P(D)(^V,+Y,H'J + V 

e 

= P(D)^V*+V<»D-^. 

As a result, t stabilizes every subspace between P{D) and D. As there is an 
abundance of closed subspaces between P{D) and D (for instance, the subspace 
P{D) © Cx for any x £ D \ P (£))), this contradicts the hypothesis that C 
is maximal with respect to closed 6-stable subspaces. Thus we have shown 
P(D) = D for all £> G P. _ _ 

Consider the chain £ := {P{D), D : D & V}. Note that and V are 
elements of £, since both are closed and 6-stable. The general construction 
described at the beginning of Section 3 produces a generalized flag ^ with the 
same stabilizer as £. 

Wc have now constructed a generalized flag ^ with i C Stj. The next step 
is to show that is a semiclosed generalized flag. Suppose F' C F" is a pair 
in ^ and F' is not closed. By the maximality of V, ^ is a subchain of V. So 
F' e V, and F' is a closed 6-stable subspace such that C U {F'} is a chain. By 
the maximality of C, one has F' € C C "D. Since P{F') C F' and there are no 
subspaces in the chain {P{D), D : D € V} properly between P{F') and F', we 
see that it must be the case that F' = P{F'). For any D e P with F' C D cT', 
one has D = and hence P(D) = P(F'). This shows F" = T'. 

Note also that by construction the quotient F" / F' is an irreducible 4-module. 
(When a€A\C, F'J^/F'^ is a trivial module.) 

To obtain a semiclosed generalized flag © in with the desired proper- 
ties, repeat the above construction, starting with the chain of closed 6-stable 
subspaces C-^. That is, take a maximal chain T> of 6-stable subspaces of V*, 
containing the maximal chain of closed £-stablc subspaces . 

We now demonstrate that JJ, C5 form a taut couple. Note that the closures 
of the subspaces appearing in ^ were elements of the chain C, by the maximality 
of C. That is, C C, which implies 5"^ C C^. Since we used the chain to 
construct the generalized flag (S, the chain is stable under St©. Furthermore, 
the closure of any subspace of (5 forms a chain together with C^, and hence 
0-*- U C-"-^ = (S-*- U C is a chain. The maximality of C implies C C, and thus 
since the chain C was used in the construction of ^, we see that is stable 
under Stg. 

It remains to show that rij = nst^nste H t. Set p := St^ fl St©. Lemma 2.2 
yields tip fl t C n{. Consider the homomorphism t p/np with kernel tip fl 6. 
RecaU from Proposition 3.6 that p/up = ©^gc'SK^"/^^:^'/^)- The image 
of 6 in p/rip acts irreducibly on and on Gl'/G'^ for all 7 G C. 

Consider the composition 6 ^ p/ttp ^ q[{f:;/F^^, G'!^/G'^) for a fixed 7 G C. 
The image of 6 under this homomorphism is a subalgebra of Qii^Fij / F!^ , G'J^ / G'^) 
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which acts irrcducibly on both F!^ / F!^ and G'l^jG'^. Suppose first that dim F'^ jF'^ ■ 
oo. Then Theorem 2.4 apphcs. from which wc conchide that the image of t in 
^\{F'J^IF'^, GIJG'^) is one oiQ\[F'J. j Fl^, G'!.JGL),b\[F'JJF\,G'!.JGL),bo{F'JJF'^), 
and sp{F!^ / F!^) . None of these subalgebras has any nontrivial locaUy nilpotcnt 
ideals; hence the image of n{ in Qii^F" / F!^ , G'l^ / G'^) is trivial. Now suppose 
dimF^'/i^^ < 00. Then the image of « in 01(^^7^:^,^/^) acts irreducibly on 
F"IF'^ and G'lJG'^^, and hence any locally nilpotent ideal in the image of 6 is 
central in Q{{Fi; / Fi^ , G'!J G^) . 

It follows that any element of n{ maps to an element in the span of cen- 
tral elements in copies of finite-dimensional general linear Lie algebras, but the 
Jordan nilpotence of elements of nt implies that their image must be trivial. 
Therefore the image of in p/up is trivial, i.e nj C Up fl 6. Thus we have shown 
n{ = tip n 6. □ 

Proposition 3.8. The map from taut couples of generalized flags in V and K. 
to subalgebras o/flt(V, K) given by 

{d, (5) ^ Sty n St© 

is injective. 

Proof. It suffices to show that one may reconstruct the subchain {F^ : a € A} 
from St;j n St©. For any ^ v G F, one may compute, using the formula for 
the stabilizer of a taut couple given in Proposition 3.6, 



(Sty n St©) • V 



F" if F' = F' 
F' if = F'\ 



where F' c F" is the pair given by the definition of a generalized flag such that 

V € F" and v ^ F' . The set of immediate successors in 'S is therefore obtained 
by taking for every nonzero v GV the subspace (StyflSt©)-?; ifv G (StynSt©)-?;, 
or the subspace 

(Sty nst©) 

if w ^ (Sty nSt©) □ 

4 Levi components and locally reductive parts 

Definition 4.1. Let g be a locally finite Lie algebra, and let r denote its locally 
solvable radical. We say that a suhalgehra, I is a, Levi component of q if 

[fl,fl] = (rn[fl,fl])(±i. 

We first prove the existence of Levi components of finitary Lie algebras. 
Theorem 4.2. Any finitary Lie algebra has a Levi component. 
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Proof. Let g be a finitary Lie algebra. Then g has a finitary representation 
V, and one may consider g as a subalgebra of 0l(V^, 14)- Let 5^, © be a taut 
couple as given in Theorem 3.7. By Theorem 3.7, fi C p and tig = tip fig, where 
p := St^ n Ste- Let tt: g p/up be the inclusion of g into p followed by the 
quotient map. Recall from Proposition 3.6 that 

P/np = ^Qi{F:;/F:^,G';/G'^). 

Consider m := 7r([0,0]) C 0^gcS[(F^'/F^, G;'/G;). By Proposition 2.6, 
tn acts irreducibly on F"/F^ and G"/G'^ for all 7 e C because g does. By 
Proposition 2.7, m is locally semisimple. 

We obtain a pullback I C g of tn as follows. Let m = IJ^ trii be an exhaus- 
tion by finite-dimensional semisimple subalgebras rrii. There exist nested finite- 
dimensional subalgebras 6, C 7r~^(mi) such that 7r(6i) = mj. We can choose 
inductively nested Levi components k of ti, because any maximal semisimple 
subalgebra is a Levi component. Then 7r|[. is an isomorphism of [, with mj, and 
TT gives an isomorphism of [ := IJ^ with m. 

We will show that [ is a Levi component of g. We know tig c± [ is an ideal 
in g since it is the pullback of an ideal in 7r(fl) = g/{np fl fl) = g/Ug. Moreover, 
the quotient g/{ng (+ [) is abelian since the corresponding quotient of g/xig is 
abelian. Thus [g,g] C rig S [. Since [ is locally semisimple, we have I c 
So [ C [g,g] C rig d I, which implies [0,0] = (Ug fl [0,0]) (± i. But we know from 
Proposition 2.1 that rig n [0, 0] = r fl [0, 0], so [ is a Levi component of 0. □ 

For any subalgebra g C gl^, we have the following chain of ideals in 0: 

[9,3] C ng-h[0,0] C r-|-[0,0] C 0. 

For any Levi component [ of 0, one has rig + [0, 0] = rig (± I and r + [0, 0] = x <± I. 
The first two terms of the filtration [0, 0] and ng-|- [0, 0] are splittable subalgebras 
of 0[^. Note that, unlike in the case of finite-dimensional 0, the ideal t (+ [ can 
be strictly contained in 0. 

It follows from the proof of Theorem 4.2 that any finitary Lie algebra 
admits an exhaustion Uj0i by finite-dimensional Lie algebras gi so that the 
union IJ^ li of certain Levi components of 0^ is a Levi component of 0. It is 
not true, however, (and this is why our definition of Levi component is more 
restrictive than the one given in [Ba]) that for any exhaustion = IJifl* ^^'^ 
for any choice of nested Levi components li C U+i, the union IJ^ is a Levi 
component of 0. Indeed, recall the following example from [DPS, Example 2]. 
Consider dual bases {vi : i G Z>o} of V and {vf : i G Z>o} of Let V := 
V © Cv, and define {v, v*) := 1 for all i £ Z>o. Then pairs nondegenerately 
with both V and V. One has := s[(y, y,) = sloo properly contained in := 
s[(V', Vh.) = sloo- Consider 0„ := sl(Span{?;i, z;2, ...■(;„}, Span{i;i|', t;^, ... u*}) 
and 0„ n (Span{w, vi,V2, ■ ■ ■ Vn} <E> Spanlw^j", ^2 j • • • ^^n})- Then 0„ is a Levi 
component of 0„. Nevertheless the union of Levi components [j^Bn = is not 
a Levi component of = IJ^^ 0„. 

We now demonstrate a few properties of Levi components. 
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Theorem 4.3. Let g be a subalgebra of gl{V,V^). Then any Levi component of 
Q is a maximal locally semisimple subalgebra of Q- Furthermore, any two Levi 
components of q are isomorphic. 

Proof. Let [ be any Levi component of fl, and let Iq denote the locaUy semisimple 
Levi component of g constructed in the proof of Theorem 4.2. Since t H rig = 0, 
we have [ = (tig (± ()/ng = (tig (+ lo)/ttfl — fo- Thus I is also locally semisimple, 
and any two Levi components of Q are isomorphic. 

Now suppose that t is any locally semisimple subalgebra with [ C 1 C g. 
Since [ is locally semisimple, 1 C [g,fl] and 1 n r = 0. Therefore (r fl [q,q]) (± 
[ C (r n [g,fl]) die [g,0L Since (r n [g,j]) d I = [Q,g], it follows that 
n [g, g]) (+ 1= (r n [g, g]) S [, and hence [ = [. Therefore [ is a maximal locally 
semisimple subalgebra of g. □ 

Note: we do not know whether an arbitrary maximal locally semisimple 
subalgebra of a subalgebra of gl^^ is a Levi component. 

Corollary 4.4. Let q be a finitary Lie algebra. The following conditions on g 
are equivalent: 

(1) is locally semisimple; 

(2) g is isomorphic to a direct sum of finite- dimensional simple Lie algebras 
and copies ofsloo, sOoo, andsp^; 

(3) Q is equal to its own Levi component; 

(4) fl = [0,0] and r = 0. 

Proof. The equivalence of conditions (1) and (2) was already quoted from [DPS] 
in Theorem 2.5. The equivalence of conditions (1) and (3) follows from Theo- 
rem 4.3. 

It is straightforward to check that (1) implies (4). Conversely, suppose that 
= [fl,0] and r = 0. Since the linear nilradical tig is by definition contained 
in r, we have rig = 0. There exists a Levi component I C g, and one has 
= [01 0] = 1^0 S [ = [. Thus is locally semisimple, and (4) implies (1). □ 

We next turn to splittable subalgebras of qI{V,V*). We need preliminary 
material related to locally reductive finitary Lie algebras. 

Theorem 4.5. Suppose a finitary Lie algebra q is a union of reductive subal- 
gebras. Then there exists an injective homorphism (p: ^ 3(g) © Qi with Qi 
isomorphic to Qi^, sOqo; 5p^, or a finite- dimensional simple Lie algebra, such 
that (p|3(g) = id and <^([0,fl]) = 0j0i,0i]. 

Proof. Note first that there is a subalgebra 6 C g such that 6 is a union of 
reductive subalgebras, = 0, and g = 3(g) © t. Indeed, let g = Ui 0* be 
an exhaustion of g by (finite-dimensional) reductive Lie algebras. For each i, 
one has 3(g) n g^ c 3(0i). Hence one may inductively choose nested reductive 
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subalgebras tj C Qi such that gj = (3(0) n fl,) © Ij. Then g = 3(g) ® where 

For the rest of the proof we assume 3(0) = 0. This impUes rig = via 
Lemma 2.3. Let ^, (& he a taut couple as given by Theorem 3.7. Then C p 
and ng = np n g, where p := Stj PI St©. Moreover, since Ug = 0, we have 
an injective homomorphism g ^ p/tip = ^^^(yQl{F" /F!^,G'^/G'^), where the 
notation is as in Proposition 3.6. Since g has trivial center, the homomorphism 
(p: (p/np)/3(p/np) is also injective. 

One has 

(p/np)/3(p/np)= 0s[(^^7i^;G;7G;)© g[«/F;GVG;), 
leCo 7ec\Co 

where Go is the set of G C such that F!^ /F!^ is finite dimensional. By Propo- 
sition 2.6 [g,g] acts irreducibly on F'^jF'^ and G'l^/G'^ for all 7 G G. Proposi- 
tion 2.7 implies that (/?([g,g]) is locally semisimple. 

Let to denote the direct sum of finite-dimensional direct summands of ^p{[Q, g]), 
and let 6^ for i G / be the infinite-dimensional direct summands of (^([gjg]). 
Proposition 2.7 implies that G \ Go is a disjoint union of finite subsets Ci 
such that C ^^^(j,5[{f:^ /Fl^,GyG'^). Furthermore, if i G / and 7 G G„ 
then the projection of ti to sl(F"/i^^, G"/G!^) yields an isomorphism of ti with 
5{{F!^IF!^, G'^/G'^),5o{F!^'/F!^), or sp(F.;7F^), where in the final two cases one 
has an identification of F"/F!^ and G"/G'^. 

Consider the projections vr^ : (p/np)/3(p/np) -> 0^^^^ gl(F^7F^, G^yVG^^) 
and TTo: (p/np)/3(p/np) ^ ^^^^^sl{F!; /F!,, G^G'^). We have 

C ^(g) C TTi o (^(g). 

ie/u{o} ie/u{o} 

Moreover, [tTj o (p[g),ni o (f{g)] = tTj o iy?([g,g]) = This shows in particular 
that TTj o ip{g) is contained in the normalizer of ti for i G / U {0}. Lemma 2.8 
implies that the normalizer of tt^ o<p(g) for i G / is equal to ti unless ti = sIqc, in 
which case the normalizer of tTj o (^(g) is the diagonal copy of gl^ containing 6j. 
Observe that ttq o (^(g) is a union of reductive subalgebras and acts irreducibly 
on the quotients F!^ / F!^ and G'J^jG'^ for all 7 G Go. By finite-dimensional Lie 
theory, ttq o i^(g) c 0^^^^ s[(F"/i^^, G"/G;!y) is locally semisimple. Therefore 

TTo O (/?(g) = [tTo O V3(g), TTo O (^(g)] = TTo O y;([0, g]) = to- 

We therefore take go to be £0. and wc take g^ to be the normalizer in 
®7ec, fl'(^7 /^^r G^/G;) of ti for i G /. One may check that {gi,g,\ = ti 
for i G / U {0}, and we have 

0[0i,fli] C (p{g) c 0gi. 

i i 

It follows from the above inclusions that <^([g,g]) = 0Jgi,gi]. □ 

Corollary 4.6. A finitary Lie algebra which is a union of reductive subalgebras 
is locally reductive. 
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The following theorem strengthens Theorem 4.2 under the assumption that 
is splittablc. 

Theorem 4.7. Suppose g C 0t(y,y*) is a splittable subalgebra. Then there 
exists a locally reductive subalgebra Qred, called a locally reductive part, of q 

such that rig (± Qred- Furthermore, [ := [flredjflred] is a Levi component of 
Q, and there exists a toral subalgebra t C such that Qred = I S t. 

Proof Let TT : ^ p/up = 0^^^^ 01(F^'/F;, OyC'^) be as in the proof of The- 
orem 4.2. Since Q acts irreducibly on F'J^jF'^ and G"/G'^ for all j € C, Propo- 
sition 2.7 implies the existence of an exhaustion 0,^^^ g[(F"/i^^, Gl^'/Gi^y) = 
Ujez>o 1j' where each qj is a finite-dimensional Lie algebra isomorphic to a 
direct sum of general linear Lie algebras such that tt{q) n acts irreducibly on 
the natural and conatural representations of each direct summand of q j . 

Define finite-dimensional splittable subalgebras Qj C g with 7r(flj) = q^ in- 
ductively as follows. Suppose one is given a finite-dimensional splittable subal- 
gebra Qj-i with 7r(flj_i) = qj-i. Since Tr~^{c\j) is a splittable subalgebra of g, 
there exists a finite-dimensional splittable subalgebra gj C 7r~^(qj) containing 
gj-i with n{Qj) = qj. 

We next show that rig^ = rig fl Qj for each j. The containment rig fl Qj C 
tig^. follows from Lemma 2.2. The image 7r(0j) in q^ acts irreducibly on the 
natural and conatural representations of q^. Hence any nilpotent ideal of 7r(0j) 
is contained in the center of q^. But every nilpotent element of 7r~"'^(3(qj)) is in 
rig, and the claim rig. = n gj follows. As a result, ng._^ C tVg^. . 

We now choose inductively subalgebras C Qj such that mj_i C xrij and 
vXj is maximal among the subalgebras of Qj which act semisimply on V. We 
claim that xtij is a reductive part of gj. This follows from Theorem 4.1 of [Mo], 
which asserts that any two subalgebras of a Lie algebra 6 C 0[„ maximal among 
those that act semisimply on the natural representation of 0[„ are conjugate 
under an inner automorphism from the radical of [6, t] . As gj is splittable, 
it has some reductive part {gj)red, i-e. gj = n^. S {gj)red- Because {Qj)red is 
maximal among the subalgebras of gj which act semisimply on V, it is conjugate 
to rrij , and hence the latter is also a reductive part of gj . 

Let gred '■= [Jj^j- -^y Corollary 4.6, gred is locally reductive. The fact 
that gj = Wg- (± mj for all j implies g = tig + Qj = rig <± gred- Note 
that I := [flredjflred] is a Levi component of g. Let tj be nested maximal toral 
subalgebras of mj, and take t := Ujtj- -^s ruj = [xnj,mj] + ij for each j, we 
have gred = 1 + i. Let t' be a vector space complement of t fl I in t. Then 

Qred = [ Ct t'. □ 

Definition 4.8. Let g be a splittable subalgebra of gl{V, V^). A subalgebra t C g 
is said to be defined by trace conditions on g if 

"g + [Q,s] C t 

That is, a subalgebra { of a splittable subalgebra g of gl^ is defined by 
trace conditions if and only if t contains a Levi component of g and the linear 
nilradical tio. 
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Proposition 4.9. Let q he a splittable suhalgehra oj qI{V^ V*), o,nd t a subalgebra 
defined by trace conditions on g. Then t is splittable. Furthermore, q and i have 
the same linear nilradical and Levi components. 



Proof. Let Qred be a reductive part of g, as given in Theorem 4.7. By Theo- 
rem 4.7, there exists a toral subalgebra t C g such that Qred = I S t, where 
t := [Qred, Bred] is & Levi component of g. By the definition of 6, we have 
rig (± [ C 6 C 0. Hence t admits a vector space decomposition 6 = Ug ® [ ® t', 
where t' := tn t. As t is generated by splittable subalgebras, [Bo, Ch 7 §5 Cor 
1] implies that { is splittable. The last statement is straightforward to check, so 
we omit this. □ 



V*). The linear nilradical of g is trivial, and [g, g] = sl{V, © sl{V, 14) is the 
unique Levi component of g. The subalgebra 



is defined by trace conditions on g. 

5 Parabolic subalgebras of qI^q and sloo 

We are now ready to start the discussion of parabolic subalgebras of gl^ and 
0[oo- As in the finite-dimensional case, we define a subalgebra p of a finitary 
Lie algebra t to be parabolic if there exists a Borel (that is, a maximal locally 
solvable) subalgebra b of I with b C p. Recall that, for any parabolic subalgebra 
Pn of fl„ = g[„ or g„ = sin, the following statements hold: 

• p„ is the stabilizer of a unique flag in the natural representation of 0„; 

• pn is self-normalizing in g„; 

• p„ = n„ (+ m„, where n„ is the linear nilradical of p„ and m„ is a subal- 
gebra of 0„ which is reductive in £|„; 

• p„ = (nn)-*-, where the perpendicular complement is taken with respect to 
a nondegenerate invariant form on g„. 

In the case oi g = gi{V, V^) or g = sl{V, T4), the above statements admit gen- 
eralizations and yield in general a chain of three potentially different parabolic 
subalgebras of g, namely p C A^g(p) C (np)-*-. 

Borel subalgebras of g[(F, F*) were understood in [DP2] using the concept 
of a closed generalized flag. More precisely, any Borel subalgebra is the stabi- 
lizer of a unique maximal closed generalized flag in V. The following theorem 
strengthens this result by providing some alternative descriptions of maximal 
closed generalized flags and their stabilizers. 
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Theorem 5.1. Let ^ be a semiclosed generalized flag in V. The following are 

equivalent: 



(1) ^ is a maximal semiclosed generalized flag; 

(2) ^ is a maximal closed generalized flag; 

(3) 8% is a Borel subalgebra of qI{V,V^) or5[(V, 14); 

(4) Sty is a minimal parabolic subalgebra o/flI(V, V*) or sl{V,Vi,); 

(5) there exists a (unique) maximal semiclosed generalized flag 6 in V* such 
that Stgr = St©. 

Furthermore, ifS, (5 are as in (5), then they form a taut couple. 

Proof. Let ^ = {F^, f "}q:ga be a maximal semiclosed generalized flag. We now 
show that is a closed generalized flag. By Lemma 3.2, dim F^/Fl^ = 1 for all 
a G A such that F[ = F^. Fix a e A. If = F^then F^ is closed as it 
contains a closed subspace of finite codimension. If F^ = F", then F" is also 
closed. This proves that (1) implies (2). To see that (2) implies (1), we notice 
that if is a maximal closed generalized flag, then again dim F"/F^ = 1 for all 
aeA with F[ = F^ [DP2]. 

It is shown in [DP2] and [D] that (2) and (3) are equivalent. The equivalence 
of (3) and (4) follows directly from the definition of a parabolic subalgebra. 

We note next that (3) implies (5). Indeed, if St:g is a Borel subalgebra of 
g[(y, K), then it follows from [DP2] that Sty = St© for a unique maximal 
closed generalized flag (5 in K. We showed above that (5 is maximal also as a 
semiclosed generalized flag. 

The implication of (3) from (5) requires no further argument, due to the 
symmetry of V and K. Finally, since the chain is stable under Sty, the 
equality Sty = St© implies that ^, & form a taut couple. Thus the proof is 
complete. □ 

Let ^ = {F^, F4'}agA and & = {G|g, G^gj^gs be semiclosed generalized flags 
in V and V*, respectively, and assume ^, (5 form a taut couple. For a G A 
and (3 E B, define a < (3 \i {F^,G'^) = 0. This gives a strict ordering on 
AUcB extending the ordcrings of A and B°p (where the superscript op indicates 
opposite ordering). For any a G A, we have 



U G'^= [J G'^- 



Proposition 3.6 (1) therefore implies the formula 



TlSt^nSte — 



A3a<l3eB 
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and consequently Proposition 3.6 (2) yields 

St^ n Ste = ® ^0- 

A3a<0eB 

We need the following two technical lemmas. 
Lemma 5.2. For any a G A, one has = (Ua</3 ^/j)"'"- 

Proof. If a i_C, then K=Fg = (F^)^^ = {\^^^pGl)^ = i[ja<0G'^)^- " 
a G C, then = = (G'^)^ = (U„<;3 G'^)^. □ 

Lemma 5.3. Let b C sloo be a Borel subalgebra. Then no proper subalgebra of 
stoo contains [n6,5too]. 

Proof. Let ^ = {F^, F"}aeA and © = {G'p,G''j}fjeB bo the maximal closed 
generalized flags in V and respectively, such that b = Sty = St© [DP2]. 
Define 

:= U F^ 

and 

We will show first that sl{V, V^) n {W ® + V (E) W^) C [nb,sl{V, K)]. Let 
X €W and y G K satisfy (a;, y) = 0. Since a; G VT, there exists a G A such that 
a; G F^' \ F^ and (F^')"^ 7^ 0. Let z G (F^')'^, and let w G F be any element 
such that {w, z) ^ 0. Then [x ® z,w ® y] = (w, z)x (g) y. Since x ® 2: G tib and 
w®y & Q^{V, K), this impHes x®y & [rif,, K)]- Moreover, there must exist 
a copy of fl[„ C Q^{V, K) such that x, y, z, and w are all elements of gl,, , and 
hence one may replace w ® y with a traceless element whose commutator with 
X® z\s unchanged. This shows that x®y€ [nt,,sl(F, F*)]. Similarly, if a; G V, 
y G W*, and (x, y) = 0, then x^ye [nb,s[(y, K)]. 

Since sl{V, K) H (M^ (E) K + 1^ <8i VF*) is spanned by elements of the form 
X (Si y G V(SiVi, such that (a;,j/) = and x G W ov y G W^, it follows that 
5\{V,V^)f\{W ®V^ + V ®W^) C [n6,5l(F,V;)]. 

IfJ^ ^ y , then C y is a pair in Hence dim V/W <l \iW \s closed, 
and = y if ly is not closed. Similarly, dim K/PF* < 1 if VF* is closed, and 

= K if VF* is not closed. 

This implies that for any x € V and y G V* with {x,y) = 0, there exist 
u G y-^nWandw G aj-^nW", with {u,v) ^ 0. Thenxig)?; G sl(F, K) n (F (g) PF,) 
and y G sl{V, K) fl g) T4) and [x €5 w, m g) y] = (u, w)x ® y. This shows 
that if i is any subalgebra with [nb,5((V', V*)] C 6 C s[(y, K), then x ® y G 6. 
Since s[(y, K) is spanned by elements of this form, we have shown that 6 = 

5[(y,y*). □ 

In order to state the main theorem of this section, we need two more pre- 
liminary constructions. 
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Suppose "S, (3 form a taut couple. We define a subalgebra (Sty n St(g)_ 
of sl{V, K) or gl{V, K) as follows. Recall from Proposition 3.6 that there is a 
homomorphism (with kernel nst^nst®): 



stg n St© 



0s[(i^;7i^;G;7G;). 



7ec 



Let Co be the set of 7 e C for which dim F!l/F!^ < 00. Define (Stg fl St©)- as 
the preimage of 



in St^nSt© . Then for any set of vector spaces Va and (V/j)* as in Proposition 3.6, 
one has the subalgebra of gl{V, K) 



The second construction produces a new taut couple ©'^ from a given 
taut couple ^, 

Lemma 5.4. Let ^ be a semiclosed generalized flag. Let F' c F" be a pair 
such that F" is not closed. Then F" c F" is a pair in ^. 

Proof. Suppose for the sake of a contradiction that F" does not have an im- 
mediate successor in ^. Then F" must be the intersection of those subspaces 
of 5 properly containing F" . By the definition of a semiclosed generalized flag, 
each pair contains a closed subspace. Hence F" is the intersection of all closed 
subspaces in ^ containing F", and is itself closed. □ 

Proposition 5.5. For any semiclosed generalized flag ^, there exists a closed 
generalized flag which is maximal among the closed generalized flags arising 
as subchains of ^. Furthermore, if ^, (5 form a taut couple, then C also 
form a taut couple. 

Proof. Lemma 5.4 implies that 5"^^ is a subchain oi'S- Let 'S'^ be the generalized 
flag obtained from 5^^^U{0, K} via the general procedure described in Section 3. 
Then is a closed generalized flag which reflnes any closed generalized flag 
contained in ^. Explicitly, if F^ is not closed, then the two pairs F'^ C f " 
and F^ C F^ in ^ are replaced by the single pair F^ C F^ in Finally, if 
is stable under Stg, then (6'=)-^ = 0-^ is stable under St^c = EaeA^® 



si(i^^7i^;G;7G;) © Bi(i^^7i^; g;7g;) 





□ 



The following theorem is our main result in this section. 



Theorem 5.6. Let g be one of Qi{V,V^,) and sl{V,V^). 
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(1) Let p G Q be a vector subspace. Then p is a parabolic subalgebra if and 
only if there exists a ( unique ) taut couple ^, (S such that 

(8% n St©)_ C p C S% n St©. 

(2) Let p C g be a parabolic subalgebra, and let p+ := Sty fl St© and p_ := 
(Stj n St©)-. Then the following statements hold. 

(a) p is splittable and hence (by Theorem J^.l) admits a decomposition 

p = Up (+ pred- 

(b) P+ = iVg(p+) = Ng(p_) = Ng{p), ttUd Up + = Hp. = Hp. 

(c) One has p+ C p' := (np)-"-, where the orthogonal complement is taken 
with respect to the formTT{XY) on q. Infactp' = StgrflStef-, where 
3''^ and ©'^ are the closed generalized flags associated to 5 and 25 as 
above in Proposition 5.5. Furthermore, rip' = rip. 

Proof. Suppose p C g is a parabolic subalgebra. Let g^, © be a p-stable taut 
couple as given by Theorem 3.7. Set p+ := St^flSt©. Let tp: p — > p+/np_^ be the 
inclusion of p into p+ followed by the quotient map. Recall from Proposition 3.6 
that 

p+/np,-00[(i^7F;,G;7G;). 

Let TT^ : p_|_/np_^ qI[F^'/F!^, G'^/G'^) denote the quotient map for each 7 G C. 
Clearly 

v.(b) n bI(f;7f;, G'J^/G'^) c <^(p) C tt^ o <p(p). 

76C 7GC 

Fix "f G C. We now show that ip{b)n5l{F!l/F!^,G'J^/G'^) is a Borcl subalgebra 
of sl(F"/i^^, G"/G^) for any Borel subalgebra b of contained in p. We know 
from the classification of Borel subalgebras in [DP2] quoted in Theorem 5.1 that 
b is the stabilizer of a maximal closed generalized flag ^ in V. Furthermore is 
a refinement of ^ by Lemma 3.1. The intersection ip{b) fl s[(F"/i^^, G"/GQ is 
the stabilizer in sl{F!^'/F!^, G'^/G'^) of {{H n F^')/^7 ■ H € 9)}. One may check 
that {{H (1 F'^)/Fl^ : i7 e ^} is a maximal closed generalized flag in F'J^jF'^ 
under the pairing F'^jF'^ x G'^/G'^ — > C. Hence by the same classification 
(/j(b) n s[(f;7f;, G;7G;) is a Borel subalgebra of sI(F^7f;, G;7G;) . 

Since b C p, this means that tt^ o (^(p) is a subalgebra of qI^F" / F!^ , G'J^ / G'^) 
which acts irreducibly on both F!^ / F!^ and G'l^jG'^ and contains a Borel subalge- 
bra of sI(f;7F;, G!:;/G;) . By Theorem 2.4, T^^o^{p) is either sI(f;7F^, G!^/G;) 

or0r(F;7F;G;7G;). 

For each 7 e G, one has 

[^(b) nB[(F;/F;,G:;/G;),s[(F;/F;,G:;/G;)] c [<^(b) n5i(F;7F;,G:;/G;),7r^ o <p(p)] 

= [<p(b)n5i(F;7F;G:;/G;),<p(p)] 

c ^{p). 
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It follows from Lemma 5.3 that 5\{F!^/F:^i, G;'/^) C ^(p). 

The proof of Theorem 4.2 implies the existence of subalgebra I C p which 
is a Levi component of both p and p+, since in either case I is the puUback of 
^^^c^K^ilPi^GyG'^). Note that np+ C b C p. Hence [p+,p+] = tip^ S [ C 
P- 

Let Va and (V/3)* for a e A and /? e B be as in Proposition 3.6 (2). Then 
p+ = np^ e 07ecflK^7' (^7)*) > and we have shown that tip ^ (± ©^^c^K^T' (^7)*) C 
p. Since p contains b, one has 

S\{V^, (K,)*) + b n {Vr,).) = B n Q\{Vr„ {Vr,).) C p. 

>?eCo r^eCo »)eCo 

Hence we have shown (Stj n St©)- C p. 

As the commutator subalgebra of Stj n Stg is contained in (Stj fl St©)-, 
any intermediate vector subspace is a subalgebra. It remains to show that 
(Sty n St(5)_ is a parabolic subalgebra of q[{V,V^,). Let 5^, be a maximal 
taut couple refining the taut couple 5, 0, with the following property. For each 
7 £ C \ Co, and every immediate predecessor-successor pair H' C H" of ^ 
with F!^ d H' C H" C i^", one requires H' = H" . This is possible due to an 
example given in [DP2] of a locally nilpotent Borel subalgebra of glg^. As noted 
in Theorem 5.1, the subalgebra St^ n St|g is a Borel subalgebra of g. Of course 
we have St^ n St|g c Sty n St® since the one couple refines the other, and one 
may check from the construction that indeed St^ fl St|g C (Sty fl St©)-. 

(2a) The subalgebra p-|- = Sty fl St© is splittable because the stabilizer of any 

chain is a splittable subalgebra, and the intersection of splittable subalge- 
bras is splittable. Since p is defined by trace conditions on p_|_. Proposi- 
tion 4.9 implies that p is splittable. 

(2b) Proposition 4.9 implies tip = tip.,.. Using the fact that p_ is a parabolic 

subalgebra with (p_)+ = p+, we see that np_ = n(p_)_^ = rip^. 

We will show that Ng{p) = p+. The result for the normalizer of p+ and 
p_ follows from the fact that (p-)-i- — (p-i-)+ = P+- 

We have already seen that [p+, p+] C p_. Thus p+ normalizes p. We show 

below that [X, p_] C p+ implies X £ p^. As a result, [X,p] C p implies 
[A, p_] C [A, p] C p C p+, which in turn implies A e p+. 

Suppose that [X, p_] C p+. Then A = A'-|-^"^^ Vi®Wi for some A' G p_|_ 
and ^ Vi € Va^ and ^ wt G (Vg. )* with at > (3i for i e {1, . . . n}. Thus 
Er=i^i ® ^j'P-] C p+, and indeed ElLi (8) Wi,p+] C p+. 
Assume for the sake of a contradiction that n > 1. Assume without loss of 
generality that ai > ai for all i, and that (it < (3i if at = ai. We may also 
assume that the vectors Vi for which ai — ai are linearly independent. 
Observe vi (g) U6>ai G'l C p+. For any y G U6>ai G^, compute 

y^^Vj ^ Wi,vi (g) y 

_ i 
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= ^((vi, •S>y - {vi,y)vi ® Wi). 

i 



By the linear independence of f i from the other vectors Vi with = ai , we 
see that Vi (Si Wi must appear with coefficient zero. Therefore {v\,y) = 0. 
This shows that vi e (Uai<6^6)"'" = -^ai by Lemma 5.2. Consequently 
a\ & A\C. One may show similarly that (3\ G B\C. 

We next show that there exists a € A such that /3i < a < ai. Since 
{K,,G';,^) ^ 0, one has that G;^^ ^ {F^^J^ = [F^^y. Theveiove {F^^,G'^^) + 
0. Since F'^^ = Ua<ai ^'a^ tli'^rc exists a < ai such that {F'J^,G'^^) ^ 0. 
Therefore /3i < a, and since (3i ^ C, indeed (3i < a. 

Now assume that the vectors Wi for which Pi = P are linearly independent, 
relaxing the above linear independence hypothesis. A similar line of argu- 
ment shows f 1 G (Ua<fc )^ — ^a- Hcncc vi £ F^ , which contradicts the 
fact that vi e F^ \ F^^ and a < a. As a result, n = and X = X' E p+. 

(2c) To check that p+ pairs trivially with rip, recall that p+ = rip S ®^^c ^/ ® 
(Ky)* and np = ^asA K ® iK)^ by Proposition 3.6. For any a, a G A, 
the pairing of with F';<S){F':)^ is (F^, (F^)^) = 0. 

For any a G ^ and 7 G C, the pairing of F'^ (F^')"^ with F^' (gi G" is 

(f^,g^)(f;',(f^)^)=o. 

We omit the proof that p' = St^c n St©c. 

Proposition 3.6 (1) gives np+ = nst^nsta = Y^aK ® {K)^- Suppose 
F^' is not closed. Then F^ C F^' and FJ C arc two pairs in 5, and 
these yield terms F^' (g) (F^')-"- and F" ® (F^')^ in the expression for rip.,.. 
Note that F^' ® (F^')^ c (^^)-^. By Proposition 5.5, t_he generalized 
flag '^'^ has the pair F^ C F^', which gives rise to the term F^ (g) (F^')^ in 
the analogous expression for tip' = nstjonstec- Since the remaining pairs 
of 5^ and ^'^ are identical, the expressions for tip' and np_^ agree, and hence 
rip' = rip.^ = rip . 

To get the uniqueness of the couple ^, (S, consider that the normalizer of 
p in 0l(y, K) is p+ = St;j n Stg. Hence the normalizer of p is in the image of 
the map (5,®) ^ Sty fl St© taking taut couples to subalgebras of 14). 
Proposition 3.8 states that this map is injective, and the uniqueness of the 
couple follows. □ 

Corollary 5.7. The map 

(S) ^ Sty n St© 

is a bijection from the set of taut couples in V and V* to the set of self- 
normalizing parabolic subalgebras o/g[(V,T4). 

The following proposition describes the closed subspaces of V which are 
stable under the subalgebra (Sty fl St©)_ C qI{V,V^,) for a taut couple ^, 6. 
The proof is similar to that of Lemma 3.1, and we leave it to the reader. 

Proposition 5.8. Let t (Sty n St©)_ C qI{V, V^). The set of closed t-stable 
subspaces of V is a chain (containing the chain of closed subspaces of^). 
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Theorem 5.9. Let p C 0[(KK.) be any suhalgehra. If p = rip, then p is 
a parabolic suhalgehra. (The converse does not hold, since = p' for any 
parabolic suhalgehra p .) 

Proof. Suppose p C Qi{V, V*) is a subalgebra with the property p = n^. Let ^, 
& be the couple given by Theorem 3.7, and set q := Sty fl St©. Theorem 3.7 
gives that p C q and tip = tiq fl p. By Theorem 5.6, q is a parabohc subalgebra 
of qI{V, and q c n;|^. This shows that q C C C p. Therefore p = q is 
a parabolic subalgebra. □ 

It is worth pointing out that the stabilizer of a single semiclosed generalized 

flag in V (or (5 in V*) is a parabolic subalgebra of K). Via the general 
construction described in Section 2, the chain U {0, K} in K yields a semi- 
closed generalized flag &. One may check that ^, <8 form a taut couple, and the 
joint stabilizer equals Stj. Alternatively, Theorem 3.7 applied to the subalgebra 
t = Sty produces a taut couple, one generalized flag of which can be taken to 
be ^. Then the statement Sty C Sty fl St® implies Sty = Sty fl St®. 



6 Parabolic subalgebras of 50oo and 

In this section we take q to be so{V) or sp{V), under a suitable identification of 
V and T4. The statements in this section arc given without proof, as they are 
similar to those of the corresponding statements for qI^. 

Suppose ^ = {F^, F"}aeA is a self-taut generalized flag in V. For each a & A 

such that is closed and coisotropic, there exists a unique pair C F'^ 

in 5 such that i^^ = {F^)-^. Then F^ is closed and coisotropic, and setting 
/(a) := /3, we obtain a map f : {a £ A : F^ is closed, F^ is isotropic} {a G 
A : F^ is closed, coisotropic}. 

Proposition 6.1. The map f is a hijection 

{a & A : F^ is closed, F" is isotropic} — > {a e A : F^ is closed, coisotropic}. 

We fix the notation C := {a £ A : F^ is closed, F^ is isotropic}. For any 

7 G C, let G; := and G'J^ := F'/^^y For each 7 e C, one has G; = (F^')"^ 

and F; = (G;')^. 

As a corollary of Lemma 3.1, every subspace of a self-taut generalized flag is 
either isotropic or coisotropic. To see this, consider that the definition of self- 
taut implies that is stable under the qI{V, F)-stabilizcr of J' for any X € ^. 
By Lemma 3.1, X-^ U 5 is a chain, so either X C X^ or X-^ C X. Define F as 
the union of all isotropic subspaces F" for a G A, and G as the intersection of 
all coisotropic subspaces F^ for a £ A. Clearly F C G. We claim furthermore 
that F ^ G implies F C G is a pair in ^. Indeed, if v is any vector in G \ F, 
then the unique pair in ^ given by property (ii) of the definition of a generalized 
flag must be F c G. 
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Consider the maps 



A:SKV,V) ^ /\ V = so{V) 



and 



S:fll(V,T/) ^ Sym2(y) =sp(y) 



Proposition 6.2. If p := St^^g C then the following statements hold. 



(1) np = Y.o.^aK a {F^)^ ifQ = so{V), and tip = E^^^F^kiF-)^ tf 
B = 5p{V). 



• {Vy, (V^)*) = for distinct j ^ r] G C; 

where (K,,)* denotes the chosen vector space complement of G'^ in G" for 
any 7 G C, and where W denotes the chosen vector space complement to 
F in G if F ^ G and otherwise W = Q. 

Moreover, 



Note that although A and S are not Lie algebras homomorphisms, their 
restrictions to gl(V^, (V^)*) arc homomorphisms. 

The following theorem is the proper analogue of Theorem 5.1. A general- 
ized flag © in y is called isotropic (resp. coisotropic) if every proper nontrivial 
subspace of V appearing in 6 is isotropic (resp. coisotropic). 

Theorem 6.3. Let (S he an isotropic semiclosed generalized flag inV. If g = 
sp{V), the following are equivalent: 

(1) (S is a maximal semiclosed isotropic generalized flag; 





if Q = so{V), and 




ifQ = sp{V). 
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(2) & is a maximal closed isotropic generalized flag; 

(3) St©,g is a Borel subalgebra of q; 

(4) St©,g is a minimal parabolic subalgebra of g; 

( 5) there exists a maximal semiclosed coisotropic generalized flag Sj inV such 

that St^^g = Stg^g. 

If Q=so{V), then (1) ^ (2) ^ (3) ^ (4) (5). 

If g = 5o{V), then it is possible to realize a Borel subalgebra of q as the 
stabilizer of a non-maximal closed isotropic generalized flag. Thus the listed 
conditions are not equivalent in the 5o{V) case. For a more general discussion 
of this phenomenon involving parabolic subalgebras, see [DPW] . 

Theorem 6.4. A self-taut generalized flag ^ is maximal self-taut if and only if 
^ is maximal semiclosed. 

Lemma 6.5. Let b C Q be a Borel subalgebra. Then no proper subalgebra of q 
contains [nt,, fl]. 

We define a subalgebra (St^^g)- C Stg^g as follows. Since ^ is self-taut, 
it forms a taut couple with itself, and we have already defined the subalgebra 
(Sty)- C Ql{V,V). We take (Sty,g)_ := (Sty)_ n g. One has 

(St5,g)_ = nst,„ <± (bo(W) e A{qI{V^, (K,).)) A{sl{V^, (K,).)) 
\ jeCo jec\Co ) 

if = ao{y) and 

(St5,g)_ = nst,„ (± [spW© S(0l(K„(K,).)) © S(5l(y^,(y^).)) I 

if = sp(F), where Co denotes the set of 7 e C for which dimK^ < 00. 
Theorem 6.6. Lei g be one ofso{V) andsip(y). 

(1) Let p G Q be a vector subspace. Then p is a parabolic subalgebra if and 
only if there exists a (unique) self-taut generalized flag ^ inV such that 

(St5,g)_ C p C St5,g. 

(2) Letp C Q be a parabolic subalgebra, andletp+ := St^^g andp- := (St^,g)_. 
Then the following statements hold. 

(a) p is splittable and hence (by Theorem 4-V admits a decomposition 

P = tip (± pred- 
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(b) p+ = Ng{p+) = iVg(p_) = Ng{p), and np+ = np_ = np. 

(c) One has p-|_ C p' := (n^p)^,. where the orthogonal complement is taken 
with respect to the form Ti{XY) on g. In fact p' = St^c g, where 

is the closed generalized flag associated to ^ as in Proposition 5.5. 
Furthermore, rip' = rip . 

Note that 'S" is self-taut if is a self-taut generalized flag. 

7 Parabolic subalgebras of more general finitary 
Lie algebras 

In this section wc describe all parabolic subalgebras of a splittable finitary Lie 
subalgebra of flloo- We start with the case when the linear nilradical is trivial. In 
this case we do not need the splittability assumption and thus simply consider 
flnitary Lie algebras which are unions of reductive subalgebras. By Corollary 4.6, 
this is equivalent to considering locally reductive finitary Lie algebras. 

Theorem 7.1. Let g be a locally reductive finitary Lie algebra. If b G Q is a 

Borel subalgebra, then b fl [g,0] is a Borel subalgebra of [q,q\. 

Proof. By Theorem 4.5, there is a decomposition [q,q\ = 0jSi and an injective 
homomorphism ip: i{q)® 0^ 0i, where each Lie algebra Qi is isomorphic to 
q[^, sOoo, spoQ, or a finite-dimensional simple Lie algebra, such that v|3(g) = id 
and [fli, 0j] = (p(5j). Let b be a Borel subalgebra of i{q) © ■ Qi containing ip{b). 
As b is contained in the locally solvable subalgebra (^^^(b), the maximality of 
b implies b = (p~^(b). 

Since Borel subalgebras respect direct sums, b fl fl, is a Borel subalgebra of 
Qi. If Qi differs from </?(Si), then Qi = qI^. In this case, by the classification 
of Borel subalgebras of qI^ and 0IOO seen in [D], we know that b fl [gi,0i] is 
a Borel subalgebra of This enables us to conclude that b fl [fli,0i] is a 

Borel subalgebra for all i, and thus <^^^(b) n [0,0] is a Borel subalgebra of [q,q]. 
Finally, the observation that V~^(b) fl [9,0] = b fl [g,0] finishes the proof. □ 

The following theorem shows that the parabolic subalgebras of a finitary 

Lie algebra exhausted by reductive STibalgcbras can be understood in terms 
of the parabolic subalgebras of 01^0, sOqo, sp^^, and finite-dimensional simple 
Lie algebras. For any parabolic subalgebra p of sloo, fltco) sOoo, or sp^, the 
normalizer of p is the parabolic subalgebra p+. Since parabolic subalgebras of 
finite-dimensional simple Lie algebras are self-normalizing, we use for conve- 
nience the notational convention p+ := p for any parabolic subalgebra p of a 
finite-dimensional simple Lie algebra. 

Theorem 7.2. Let q be a locally reductive finitary Lie algebra, and ip: Q ^ 
3(0) ® 0i0i &e an injective homomorphism as in Theorem 4-5. 
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(1) Let p G Q be a vector subspace. Then p is a parabolic subalgebra if and 
only if there exist parabolic subalgebras pi C Qi such that 

(3(0) © 0(Pi)- ) C p C <^-i (3(0) © 0(Pi)+ ] . 



(2) Let p C 6e a parabolic subalgebra, and let p+ := if ^ (3(0) ® ©i(pi)+) 
and p- := (p~^ (3(0) © ©i(P'i)-)- Then the following statements hold. 

(a) If Q is a splittable subalgebra of qI^, then p is also splittable. 

(b) p+ = iVg(p+) = iVglp-) = N^{p), and tip^ = np_ = Up. 

(^cj 077.6 has p+ C p' := (tip)"'", where the orthogonal complement is taken 
with respect to the form Tr(Xy) on 0. In fact p' = <y5~^ (3(0) © 0i(pi)') 
Furthermore, tip' = tip . 

Proof. We continue to use the notation of the proof of Theorem 7.1. Let p C 
be a parabolic subalgebra. There exists a Borel subalgebra b C p, and by 
Theorem 7.1, b fl Sj is a Borel subalgebra of Sj. Hence p D Bj is a parabolic 
subalgebra of s^. 

Let TTj : 3(0) © 0j Qi denote the projection. Then 

3(0)®0pn5iCpC(/?-i ^3(0)®07r»((^(p))j . 

Observe that [(f{X),Tii{Lp{p))] — Lp{[X,p]) for any X € Si. Hence [ip{p n 
Si),7ri((p(p))] = [(^(pnsi,¥'(p)] C ip{p). Furthermore, [ip{pnSi),'Ki{ip{p))] C ip{Si) 
because [(p(sj),0] C <fi{si). The injectivity of tp implies (p{p DSi) = (p(p) n <^(si). 
Thus [(^(pnSi), 7ri(95(p))] C ip{priSi). Hence TTi{(p{p)) is contained in the normal- 
izer in 0j of (p{priSi). By Proposition 6.6, the normalizer of <^(pnSj) is (i^(pnSi))+ 
if Si is isomorphic to 0OOO or sp,^. If Qi is simple, we define pj = p flSi. If 0j is 
not simple, then = sloo. and we take pi to be the (self-normalizing) parabolic 
subalgebra of Qi which is the stabilizer of the taut couple related to the parabolic 
subalgebra p flSj, and in this case pi is the normalizer in Qi of p fls,. For all i we 
have 7ri(<p(p)) C (pi)-i-. Also note that ip~^{pi)- CpDSi. Thus we have shown 



3(0) ® 0(Pi)- C p C 3(0) ® 0(pi)H 



Conversely, fix parabolic subalgebras p, of 0,. Observe that the commutator 
subalgebra of (^""'^(3(0) ©0i(pi)+) is contained in (P~^{${q) ©©,i(pi)-)i hence 
any intermediate vector subspace p is indeed a subalgebra. To show that p is a 
parabolic subalgebra, it suffices to show that t/'~^(3(0)©0i(Pi)-) is a parabohc 
subalgebra of 0. It is evident that 3(0) © 0i(pi)- contains a Borel subalgebra 
b of 3(0) © 0i0i. Since b is the unique extension of b n (3(0) © 0j[0i,0i]) to 
a Borel subalgebra, we sec that (p~^{b) is a Borel subalgebra of 0. As a result, 
<^~^(3(0) © 0i(Pi)-) is a parabolic subalgebra of 0. 
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(2a) Suppose g is a splittablc subalgcbra of gl^. The stabilizer in g of any 
chain of subspaces in a representation of g is a sphttable subalgebra of 
qI^. Since the intersection of splittable subalgebras is splittable, it follows 

that (f~^ ( ©i(pj)+) is splittablc. By Proposition 4.9, a subalgebra defined 
by trace conditions on {^i(pi)+) is also splittablc. 

Note furthermore that 3(g) is splittable. Indeed, for any X G g, its Jordan 
components Xgg and Xnii are polynomials in X. So X e 3(g) implies Xgs, 
Xnii £3(5)- As p is generated by 3(g) and a subalgebra defined by trace 
conditions on </'^^(0j(pi)+), it is itself splittable by [Bo, Ch 7 §5 Cor 1]. 

We omit the proof of parts (2b) and (2c). □ 

Suppose g is a locally scmisimple finitary Lie algebra. Then g = ©^5,, 
where each is sl^c, so^o, sp^, or a finite-dimensional simple Lie algebra. It 
does not follow from Theorem 7.2 that for any parabolic subalgebra p of g 
there exist parabolic subalgebras pi C Si such that p = ®jpi. Indeed, set 
g := sl{V © y, y, © K) ® 5l{V © F, 14 © K) considered as a subalgebra of 
gl(V © ffi F © V^, K © K © K © T4). Consider the parabolic subalgebra p 
defined as the elements of g with block decomposition 

/ A B \ 

C 

D E 
\ F / 

such Tr^ = TtD = — TrC = — TrF. Then p_ consists of all elements of g with 
the same block decomposition satisfying the conditions TrA = TrC = TiD = 
TrF = 0. Let X be a semisimple element of qI{V, K) with nonzero trace. One 
may observe that 





( ^ 








M 







-X 








< 








X 







I 








-X J 



and that p is not the direct sum of parabolic subalgebras of the direct summands 
of g. 

Using the language of parabolic subalgebras, we can state the following gen- 
eralization of the Karpelevic Theorem, which asserts that a maximal subalgebra 
of a simple finite-dimensional Lie algebra must be semisimple or parabolic [K]. 

Corollary 7.3. Any maximal subalgebra of gl^, sloo, sOoo, or sp^ is either a 
direct sum of simple subalgebras or a parabolic subalgebra. 

Proof. The maximal subalgebras of the above Lie algebras are described explic- 
itly in [DP3]. A maximal subalgebra of gl,^ is either the commutator subal- 
gebra, which is simple, or the stabilizer of a single subspace in 1/ or V*. If a 
maximal subalgebra of sioo is not isomorphic to one of sOoo and sp^, which are 
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simple, then it is again the stabihzer of a single subspace in or • A maximal 
subalgebra of sOoo or sp^ is either the direct sum of two simple subalgebras or 
the stabilizer of a single subspace in V. At the end of Section 5 it was noted 
that the stabilizer in qI^ or sl^c of a single scmicloscd generalized flag in V or 
y* is parabolic. In particular, the stabilizer of a single subspace of V or is 
a parabolic subalgebra. Analogously, the stabilizer in sOqo or sp^ of a single 
isotropic or coisotropic subspace of F is a parabolic subalgebra. □ 

We conclude this section by describing the parabolic subalgebras of any 

splittablc finitary Lie algebra. 

Theorem 7.4. Let g be a splittable subalgebra of Qi{V,V^). Fix a locally reduc- 
tive part Qred C according to Theorem J^.l. Then the map 

p tig s p 

is a bijection between the set of parabolic subalgebras of Qred o,nd the set of 
parabolic subalgebras of q, under which Borel subalgebras correspond to Borel 
subalgebras. 

Proof. Any Borel subalgebra of q contains the locally solvable radical of g, so 
any Borel subalgebra of Q contains rig . It follows that any parabolic subalgebra 
of Q contains tig. Hence the map p i— > rig (± p is a bijection between the set of 
parabolic subalgebras of Qred and the set of parabolic subalgebras of fl. □ 

A Appendix: Cartan subalgebras of splittable 
Lie algebras 

In the existing literature only Cartan subalgebras of locally finite Lie algebras 
admitting an exhaustion by reductive Lie algebras has been studied, see [DPS] 
and the references therein. In this appendix we extend the theory of Cartan 
subalgebras to arbitrary splittable subalgebras of locally reductive Lie algebras. 

If ^ is a subalgebra of a locally reductive Lie algebra, let ^ss denote the set 
of semisimple Jordan components of the elements of ^. For any subset o C 
and any subalgebra t C g, we define the centralizer of a in t, denoted 3{(a); to 
be the set of elements of t which commute in q with all elements of a. For an 
arbitrary Lie algebra 1} C t, we define as the subalgebra of 6 consisting 
of all elements of t on which every finite-dimensional subalgebra t) /j„ of \) acts 
locally nilpotently. 

The following arc generalizations of Proposition 3.1, Theorem 3.2 and Lemma 
3.3 from [DPS]. 

Proposition A.l. Let t) be a locally nilpotent subalgebra of a splittable subal- 
gebra i of a locally reductive Lie algebra. Then the following assertions hold: 

(1) f) C 3e(f),,); 

(2) {^ss is a toral subalgebra of q; 
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(3) 3t(f)ss) is a self-normalizing subalgebra oft. 

Proof. Let h, h' € f). The local nilpotence of f) implies (ad h)'^{h') = for some 
n. Since ad hss is a polynomial in ad h with no constant term, it follows that 
(ad /iss) (ad = 0. Because an element commutes with its semisimple 
part, (ad h)"~^{a,d hss){h') = 0, and it follows by induction that (ad hss)^{h') = 
0. Hence {a.dhss){h') = 0. Since £ is splittable, f)ss C t, and we have shown 

Furtlicrmoro, by the same argument, (ad /i') (/?,.,,,) = implies (ad ft g j (ft,,,) = 
0. Therefore any two elements of k}ss commute. Since the sum of any two 
commuting semisimple elements is semisimple, t)^^ is a subalgebra. 

Finally, suppose x is in the normalizcr of iti^ss)- For any y G f}^^, wc have 
that [x,y] e 3{(()ss). Thus [[a;,y],y] = 0, and as y is semisimple it follows that 
[x,y\ = 0. Hence x G 3{([)ss), i-e. 3e(f)ss) is self-normalizing. □ 

Theorem A. 2. Let t be a splittable subalgebra of a locally reductive Lie algebra, 
and i) a subalgebra oft. The following conditions on f) are equivalent: 

(1) \)=it{\}ss); 

(2) i) = 3j(t) for some maximal toral subalgebra i C t; 

(3) \) = FM. 

In addition, any subalgebra satisfying one of the above conditions is locally nilpo- 
tent, splittable, and self -normalizing. 

Lemma A. 3. If\) is locally nilpotent and splittable, then t°(f}) = it{\)ss)- 

Proof. By [Bo, Ch. VH, §5, Prop. 5] [) = ^ss © KiU w it h i)„^; being the 
subalgebra of all nilpotent elements in 1). It follows that 6°(()) = t°(()ss)n£°(()„i;). 
Since eleme nts of \)ss are semisimple, 6° (()««) = 2t(f)ss)- Clearly 8° (()„,;) = 6. 
Hence eO(f)) =3e(t),,). □ 

Proof of Theorem A. 2. Fix an exhaustion I = Uiez>o^»' where each tj is a 
finite-dimensional splittable subalgebra of t. 

To show that (1) implies (2), wc must first show that \) = 3{(f)ss) implies 
f) is locally nilpotent. Notice that the equality [) — 3g([}ss) implies that every 
element of fj^g commutes with every element of f). Now consider a general 
element h = hss + hnii € I). Choose k such that (ad hniiY = 0- For any a; G f), 

(ad hf{x) = (ad {hss + Kii)f{x) = (ad h^ufix) = 0. 

Hence f) is locally nilpotent. 

By Proposition A.l (2), wc know \)ss is a toral subalgebra of 6. The equality 
[) = 3{(f)ss) shows that any semisimple element of t which centralizes [)ss is 
already in ^ss- Thus f)ss is a maximal toral subalgebra of I and (2) holds. 
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To show that (2) impUcs (1), wc first prove that (2) imphes that f) is split- 
table. Suppose that f) satisfies (2). For any i G Z>o note that 

f)n«i =3fl(t)n6i = n(3tJtn«fe)n«i)- 

k>i 

Since dimfij < oo, we have f) fl 6j = (t fl 6^) fl 6j for some sufficiently large 
j > i. Since tfllj is a subalgebra of tj, we know from [Bo, Ch. VII, §5, Prop. 3 
Cor. 1] that (tfltj) is a splittablc subalgebra of tj. Recall that we have taken 
tj to be splittable also. Then the intersection 3{^. (fj^g H tj) fl ti is splittable, too. 
Being a union of splittable algebras, f) is splittable. 

It follows that t)ss C f). Then clearly t C t)ss- If t 7^ f)ss, the existence of a 
semisimple element h € i)\t contradicts the maximality of t. Therefore I = l)ss, 
and (2) implies (1). 

Note that (1) implies (3). Indeed, suppose f) = 3{(f)ss)- Wc have already seen 
that f) is splittable and locally nilpotent, so by Lemma A. 3, t) = }t{i)ss) = 6''(f)). 

To show that (3) implies (1), assume that I) = l°(f)). Then clearly f) is locally 
nilpotent, and we claim that f) is splittable, too. Indeed, for any i e Z>o, 

k>i 

The finite dimensionality of 6^ yields J"(l))n6i = t^([)ntj)nti for some sufficiently 
large j > i. It is well known that {°(() fl tj) is a splittable subalgebra of tj, 
see [Bo, Ch. VII, §1, Prop. 11]. Since tj is also splittable, the intersection 
t°([) n tj) n ti is splittable, too. Hence t'^(t)) fl ti is splittable. Being a union of 

splittable algebras, f) is splittable. Therefore Lemma A. 3 implies f) = 6''(l^) = 
H{i)ss)- 

In addition, by Proposition A.l (3), a subalgebra i) satisfying (1) is self- 
normalizing. As we have already seen that such a subalgebra is locally nilpotent 
and splittablc, the proof of Theorem A. 2 is complete. □ 

We define a subalgebra () of a splittable subalgebra t of a locally reductive Lie 
algebra g to be a Cartan subalgebra if it satisifies any of the equivalent conditions 
in Theorem A. 2. Note that since condition (3) of Theorem A. 2 is intrinsic to t, 
the definition of a Cartan subalgebra depends only on the isomorphism class of 
t and not on the choice of injective homomorphism of t into a locally reductive 
Lie algebra. 
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